Weak Riemannian manifolds from finite index subfactors* 

Esteban Andruchow and Gabriel Larotonda 
Abstract 

Let N C M he a, finite Jones' index inclusion of IIi factors, and denote by Un C Um their unitary 
groups. In this paper we study the homogeneous space Um/Un, which is a (infinite dimensional) 
differentiable manifold, diffeomorphic to the orbit 

0{p) = {upu* : u G Um} 

of the Jones projection p of the inclusion. We endow 0(p) with a Riemannian metric, by means of 
the trace on each tangent space. These are pre-Hilbert spaces (the tangent spaces are not complete), 
therefore 0{p) is a weak Riemannian manifold. We show that 0(p) enjoys certain properties similar 
to classic Hilbert-Riemann manifolds. Among them, metric completeness of the geodesic distance, 
uniqueness of geodesies of the Levi-Civita connection as minimal curves, and partial results on 
the existence of minimal geodesies. For instance, around each point p\ of 0{p), there is a ball 
{q £ 0(jp) : ||q — < r} (of uniform radius r) of the usual norm of M, such that any point p2 
in the ball is joined to pi by a unique geodesic, which is shorter than any other piecewise smooth 
curve lying inside this ball. We also give an intrinsic (algebraic) characterization of the directions of 
degeneracy of the submanifold inclusion 0{p) C V{Mi), where the last set denotes the Grassmann 
manifold of the von Neumann algebra generated by M and pQ 

1 Introduction 

Let N C M be a finite index inclusion of IIi factors, and let Un C Um be their unitary 
groups. In this paper we study the homogeneous space Um/Un as an example of a weak 
Riemannian manifold, i.e. an infinite dimensional manifold with a Riemannian metric which 
makes the tangent spaces pre-Hilbert spaces. This paper is a continuation of [5], where the 
basic topological and differential facts of this space were established. Mainly, that there 
exists a concrete model for this homogeneous space, which is diffeomorphic to it. Let us 
describe this model. Consider Jones' basic construction: let p denote the Jones projection 
of the inclusion, i.e. the orthogonal projection 

p : L^M,t) ^ L^{N,t), 

where L'^{M,t) and L'^{N,t) are the GNS Hilbert spaces of the trace r (we denote indis- 
tinctly by T the traces of N and M). Consider the von Neumann algebra Mi of operators 
in L'^{M,t) generated by M and p. Then 

Um/Un ^ 0{^) := {upu* : u e Um} C Ml 
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This natural bijection is a homeomorphism. In 5 it was shown that this orbit 0(p) is a 
submanifold of the Grassmann manifold 7'(Afi) (=sclfadjoint projections) of Mi. Moreover, 
this regularity property in fact is equivalent to the finite index condition. The Grassmann 
manifold of a C*-algebra is a well behaved Finsler manifold, with a linear connection coming 
from a reductive structure, and the Finsler metric induced by the usual norm of the algebra [HI 
I15j . The geodesies of the linear connection are minimal curves between points (=projections) 
lying at norm distance less than 1. 

It is well known [21 [14] that Mi is also a type IIi factor, and that the inclusion M C Mi has 
the same index as the original inclusion. This gives rise the the so called basic construction., 
which we recall later. Denote also by t be the trace of Mi (which by restriction gives the 
traces of M and N). 

In von Neumann algebras the relevant topologies are the weak topologies. The cr-strong, 
strong and weak operator topologies coincide in V{Mi). This set is a manifold only in the 
norm topology. Therefore, whenenever we use the word smooth, applied to a curve or a 
map, it is meant that is smooth in the norm structure. The weak topologies in V{Mi) are 
metrized by the 2-norm induced by the trace, ||a;||2 = t{x*xY/'^ . Although V{Mi) is not a 
submanifold of the GNS Hilbert space completion L^(Mi,r), it is a complete metric space, 
the geodesic metric is equivalent to the 2-metric, and the geodesies of the linear connection 
mentioned above behave nicely with respect to the 2-norm (in fact, with the A:-norms, for 
k > 2): if two projections he at (norm) distance less than 1, then the geodesic that joins 
them is shorter than any other piecewise smooth curve, when the length is measured with 
the 2-norm [3]. 

In this paper we study the metric induced in ©( p ) by the trace inner product < x,y >= 
T{y*x) at each tangent space. The tangent spaces 

(TO( p ))q = {xq~ qx : x£ M, x* = -x} 

are not complete with this metric. Therefore this study does not fit in the classical (infinite 
dimensional) Riemannian theory [lOj . Certain computations, though, can be carried out 
nicely, as in the classical case: e.g. the geodesies of the Levi-Civita connection can be 
explicitly computed. However, the fact that the tangent spaces are not complete allow for 
certain unusual phenomena. For instance, one cannot find normal neighborhoods around 
each point. Nevertheless certain facts do hold. Let us remark, for example, that 0( p ), with 
the geodesic distance induced by this incomplete metric, is in fact a complete metric space 
(Theorem 13. 5p . Also we prove (Theorem 15. 2p . that if there exists a curve that is piecewise 
smooth (in the norm structure), such that it has minimal length for the trace metric, then 
it is a geodesic of the linear connection. As for existence of minimal geodesies, we show 
(Theorem 5.3) that there exists a radius r, such that if \\pi — P2\\ < r, pi,p2 & 0{p), 
then there exists a geodesic of the Levi-Civita connection of the trace, with pi and p2 as 
its endpoints, which is shorter than any other piecewise smooth curve lying inside the ball 
of center pi and radius r. Regarding the submanifold inclusion 0(p) C P(Mi) (see [5j), 
we show (Theorem 6.3) that the Riemannian curvature of this inclusion is related to the 
inclusion {x* = —x e kcr E : x^ G N} C M, and this set is exactly the set of directions of 
degeneracy in 0{p) {i.e. the directions x in the tangent bundle such that the geodesic of 
V{Mi) with initial speed x is also a geodesic of 0{ p )). 

The contents of the paper are as follows. In Section 2 we recall certain basic facts, as the 
Jones basic construction, and establish topologic properties of 0( p ), both in the norm and 
weak topologies. In Section 3 we introduce the Riemannian structure in 0{p) by means of 
the trace r. We show that though the tangent spaces are incomplete, the metric space 0( p ) 
with the Riemannian (or geodesic) distance is complete. Also we study the horizontal lifting 
of curves, and its metric properties. Based on a result on the local convex structure of the 
unitary group in the fc- norms proved in [1] , we prove that geodesies are short curves (in the 
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2-metric) among curves which do not exceed certain length (measured in the usual norm 
Finsler metric). This result is the key fact to our minimality results in Section 5, where we 
also prove the uniqueness of geodesies as minimal curves. In Section 6 we study the geodesies 
of the Riemannian inclusion 0{p) C 'P{Mi). 

2 Topological considerations 

Let N C M be an inclusion of IIi factors with trace t, and finite index [M : iV] = A^^. Let 
L2(M,r) and L^{N,t) be the GNS Hilbert spaces of r and let p : L^{M,t) L^{N,t) 
be the (Jones) orthogonal projector. This projection induces the unique trace-preserving 
conditional expectation E : M ^ N . Let Mi be the von Neumann algebra of operators in 
L'^{M, t) generated by p and M. This construction, known as the basic construction, enjoys 
several properties. Among them [9tfT4]: 

1. Ml is a finite factor, [Mi : M] = [M : N] ^ X-\ 

2. px p = E{x) p for any x E M . 

3. {p}'nM = iV. 

4. N 3 X ^ xp E N p = p^fip is a ^-isomorphism. 

5. Ml p = AI p , and therefore M p is a closed linear subspace of Mi. 

6. The map M 3 a t-^ ap £ M p is a linear isomorphism, with ||a|| > \\a p || > \/A||a||. 

7. If we denote by Ei : Mi —>■ M the unique r-preserving conditional expectation, then 
Ei{p) = X. 

8. E{x*x) > \x*x for any x £ M. 

Definition 2.1. Let 0{p) ~ {upu* : u e Um} be the UM-unitary orbit of p, viewed as a 
subset of Ml. Since {p}' H M — N, 0{p) can be identified with the quotient Um/Un via 
the map £p : Um Mi, £p{u) — upu*. 

Note that ©(p) ~ Um/Un is a topological isomorphism (for the norm induced topologies), 
and when the index is finite, it can be proved that is a fibration (see 5 ), and admits 
smooth cross-sections. In that paper it was proved that ©(p) is a smooth submanifold of 
P(Mi) (the set of projections of Mi) if and only if the index of the inclusion A'' C M is 
finite. The following result is certainley well known, and shall be used later. Using this fact 
below, we may construct local cross sections for 0{p), from local cross sections for 7'(Mi). 

Lemma 2.2. Suppose that lj £ Umi satisfies that uj puj* £ 0{ p ). Then there exists u £ Um 
such that up = uj p . Moreover, if u!(t) is a smooth curve of unitaries in Mi with the same 
property, then the curve u{t) of unitaries in M can also be chosen smooth. 

Proof. By the facts 5 and 6 in the list of properties of the basic construction listed at the 
beginning of Section 2, there exists m £ M such that to p ^ lu p . We claim that to is a 
unitary element. Note that oj puj* ~ uj p (uj p)* = mp m* £ 0{p). Therefore there exists a 
unitary element v £ Um such that TOpm* ~ vpv*. Then v*mpm*v = p. If we multiply 
by p on both sides, we obtain 

p = pv*mpm*vp — E{v*m) p E{ni*v) p ~ E{v*ni)E(rn*v) p , 

because p commutes with N , and then by further properties of the basic construction, 

E{v*m)E(m*v) — E(v*m) p E{v*m)* p = 1. 
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Since N is finite, this implies that E{v*m) is a unitary element. Then p — v*mpm*vp = 
v*mE{m*v) p, or equivalently, using that E(v*m) is unitary, 

v*m p — E{v*'m) p . 

By property 6 of the list, this implies that v*m — E{v*'m), and therefore m G Um- If ^(i) is 
a smooth curve in Umi with uj{t) puj*{t) E 0( p), one proves that u{t) E Um is also smooth, 
because m above is obtained by composition of the map Mi 3 uj t-^ uj p E M p with the 
inverse linear isomorphism of property 6, M 3 a '—^ a p E M p . □ 

This lemma above shows that u can be computed by 

u = jEi{wp). 

It is known [S] that the Grassmann manifold 7'(Mi) has geodesical radius 1: two projections 
pi and p2 in Mi such that — P2II < 1 are joined by a unique curve j{t) = e*^pie~*^, 
with X* = —X in Mi, x pi-codiagonal, and ||a::|| < tt/2. The condition that x is pi-codiagonal 
describes precisely that 7 is a geodesic of the connection in V{Mi), and means that pixpi = 
(1 — pi)x{l — pi) = 0, or equivalently, that x = xpi +pix. In particular one may define a 
distinguished exponential local cross section for the map 

Umi ViMi), w 1-^ wpiw* , 

namely 

Sp, : {p2 e V{Mi) : \\p2-pi\\ < 1} -> Um,, = 

Putting these two facts together enables us to obtain that if g e P ) such that \\q~ p\\ < 1, 
then 

e,iq)^jEiis,{q)p), 

defines a real analytic (in the norm structure) local cross section for the homogeneous space 
0{p): 

9p{q)EUM and p (q) pO p{q)* = q. 

Our next result states that the identification 0{p) ~ Um/Um also works in the strong 
operator topology. Note that since N C M are finite, both Um: Um are complete topological 
groups in the strong operator topology, which is metrized by the 2-norm || II2. To prove our 
statement, we shall need the following result, which is certainly not unknown to specialists 
(see Lemma 5.3 in for a proof): 

Lemma 2.3. Let N he a finite von Neumann algebra and let a„ E N such that ||a„|| < 1 
and a* a„ — > 1 strongly. Then there exist unitaries w„ E N such that On — Vn strongly. 

Proposition 2.4. The natural bijection 

Um/Un~^0{p), >upw* 

is a homeomorphism with the topologies induced by the strong operator topology. 

Proof. Suppose that {[wdlldeD is a net in the quotient Um/Un which converges to [u] in the 
topology induced by the strong operator topology. This implies that there exist unitaries 
Va E Un such that UaVa — > u strongly. Since M is finite, this implies that also u* w* — s- u* 
strongly. Then, using that multiplication is also strongly continuous, 

■Uq, p M* = UaVa P WqW* ~^ U p U* . 
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Note that 0{p) is a bounded set in Afi, and therefore the strong topology is metrizable with 
the 2-norm. In particular we may replace all nets by sequences in our arguments. By the 
strong continuity of the action of Um on 0{p) (again using that M is finite), we only need 
to prove continuity of the inverse map at p . Suppose that u„ p u* ^ p . Then we claim 
that ||u„£'(ii*) — III2 0. Indeed 

\\u„E{ul) - = T{E{u^)E{u*^)) + l-T{unE{ul))-T{E{u^)ul) 
= 1-t{E{u^)E{uI)), 

because T{unE{u'^)) — T{E{unE{u'^))) = T{E{un)E{u*^)) and similarly for the other term. 
Therefore it suffices to show that T{E{un)E{u*^}) 1 strongly. Note that u„pu* ^ p 
strongly implies that 

pu„pu* p ^ E{un)E{ul)p p 

strongly. Note that E{un)E{u*^) G N and recall that the map N N p is a ^-isomorphism, 
which is clearly normal. Therefore E{un)E{u'!j^) — + 1 strongly, and thus T{E{un)E{u*n)) — > 1. 
We may apply Lemma [2.31 to the elements a„ = E{u^). It follows that there exist unitaries 
Vn in A'' such that Eiu*^) — ^ strongly, and therefore u„t;„ — UnE{u'!^) — > strongly. 
Thus 

which completes the proof. □ 

Proposition 2.5. The orbit 0(p) is a complete metric space in the 2-norm. 

Proof. Suppose that {pn} is a Cauchy sequence in 0( p ), with pn = Unpu*^, Un £ Um- Then 
Pn converges strongly to an operator q acting in L^(Mi,t). Indeed, for each 77 e L^(Mi,r), 
{PnTl} is a Cauchy sequence in L^(Mi, t). Let us prove this fact. If 77 = a; G Af C i^(Afi, r), 

\\PnX-pkx\\2 T{x*{pn~PkYx) ^T{{pn~Pk)x*x{pn-pk)) 

< \\x\\M{Pn~Pkf)^\\xnPn-Pk\\l 

In general, there exists x G M such that ||a; — ?7||2 < e/2. And therefore 

WiPn-Pkjvh < \\{Pn - Pk)x\\2 + \\{Pn - Pk){V - X)\\2 

< \\{Pn -Pk)x\\2 + 2\\r] ~ x\\2 < \\{pn " Pk)x\\2 + £. 

Therefore Pn converges strongly to a linear operator in 7i, which is bounded by the uniform 
boundedness principle, and lies in Mi, i.e. p„ — > g G Mi. By strong continuity of the 
product and the adjoint {AIi is finite), clearly = q* = q. Moreover, since t is normal 
and t(p„) = t(p) = A, it follows that r(g) = A. Therefore q = wpw* for w e Umi, and 
thus by the properties of the basic construction, there exists m d M with E(m*m) — 1 such 
that q — mpm*. Using the conditional expectation Emi ■ Mi — > A/, which verifies that 
Emi ( P ) ~ A, one obtains that 

Emi {Pn) = UnEMi ( P )u*i = A, 

and therefore E{q) = A. Then 

A ~ Emi [m p m*) — iuEmi ( P )rn* = Xmm* , 
that is, TO S Um and therefore q E 0{p). □ 
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In a remarkable paper p^, S. Popa and M. Takesaki proved the following result [16, Lemma 
3], based on the theory of continuous selections by E. Michael [13]. Suppose that the sepa- 
rable III factor N has the following property, which for brevity we will refer as the scaling 
property: the tensor product N ig) B{H) {H a separable Hilbert space) admits a one param- 
eter automorphism group {9s : s g R} scaling the trace oi N ® 13(H), i.e. t o Og = e^'^r, 
s G R, with r a faithful semi- finite normal trace in TV ® ^{H). Then [/at is contractible in 
the strong operator topology, and moreover, if M is another factor with N C M, then the 
quotient map 

Um ^ Um/Un 

admits a global cross section when these spaces are considered with the (topologies induced 
by) the strong operator topology. The family of algebras enjoying these scaling properties 
includes the hyperfinite factor TZ. A straightforward consequence of this result follows: 

Proposition 2.6. Suppose that N has the scaling property. Then the map 

is a fibre bundle, with the topologies induced by the strong operator topology. If moreover 
also M has the scaling property, then 0{p) is contractible in the strong operator topology. 

Proof. The proof follows using the homotopy exact sequence of the bundle above, noting 
that 0{p) ~ Um/Un in the strong topology as well. □ 

Let us finish this section with the following result, concerning the homotopic structure of 
0( p ) in the norm topology, for general N C M. 

Proposition 2.7. The space Um/Un (hence also 0{p)) is simply connected in the norm 
induced topology. 

Proof. In the norm topology, the map 

£p : Um ^ 0(p), ipiu) ^upu* 

is a fibre bundle with fibre Un- It therefore induces an exact sequence for the homotopy 
groups 

...->^i(C/w)^^i(C/m) ^7ri(0(p)) ^^o(C/Ar) ^ ••• 

H. Araki, M.B. Smith and L. Smith proved in 7 that Tri{UN) — t^i(Um) — Moreover, 
they showed that this isomorphism is given as follows. Any given loop (3 in Um, with base 
point 1, is homotopic to a concatenation of loops of the form ap{t) = e^'^**^, for p a projection. 
In other words, these loops ap generate t:i{Um)- The isomorphism is given by the map which 
sends the homotopy class of ap to the real number t{p). Therefore, via this identification, 
the map T above, restricted to this set of generators is given by the inclusion map 

{rip) : p € ViN)} ^ Mq) : q £ ViM)}, 

which is surjective, because both set equal the unit interval. Hence 7ri(0( p )) = 0. □ 
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3 Riemannian structure of (!)( p ) 

Using the 2-norin || ||2 we can measure the length of curves in the standard fashion: 

L2{a)= [ \\a{t)\\2dt. 
Jo 

Let Mah = {x £ M : X* = —x}, Nah = {x e N : x* = —x}. These spaces identify with the 
Banach-Lie algebras of Um and Un respectively (i.e. Um = exp(Ma/i) and Un = exp{Nah))- 
Using that the map 

ig-.UM^Oip). lq{u)=uqu* 

is a C°°-submersion for g G 0(p), one can compute the tangent spaces of 0(p) at any q. 
The differential of (.q at 1 is given by 

5q{x) = d{iq)i{x) = xq- qx, X & Mah- 

Therefore 

{TO{<p))q = {xq-qx:x&Mah}- 
We have an identification via the differential of the quotient map Um ^ Um/Un 

{TUm/Un)p ^Mah/Nah 
Remark 3.1. Since t o E = t, if we put H = ker E n Mah we have 

Mah = Nah®H 

where H. acts as an orthogonal supplement of Nah in Mah (relative to the inner product 
given by t). Note that H. is ^(i((7Ar)-invariant, namely uHu* = H for any u G Un', let 
Hq = uHu* = AduiH) {q = upu*, u e Um)- Likewise, we will write Eq to denote the 
translated conditional expectation Eq = Adu o E o Adu*, which maps M onto the von 
Neumann algebra Adu{N). 
Therefore the maps Sq give isomorphisms: 

Sq:nq^{TO{p))q. 

Definition 3.2. Let Kq he the inverse of this linear map, namely Kq{zq — qz) = z for z G Hq, 
Kq : (TO(p))q Hq. Equivalcutly, Kq{y) = z where z is the only element of Hq = keiEq 
such that 5q{z) = y. We will omit the subindex when q = p, i.e. Kp = k, 6p =5. 

Note that Kq is the Ad— translation of k to the point q = upu* G 0{p), namely 

Kq{v) = Adu o K o Adu* (v) = uk{u*vu)u* . 
Lemma 3.3. The isomorphism (5q : Tp C( p ) ~ W above is almost isometric, i.e if q & 0{p), 

\\6q{z)h = V2X\\zh 

for any z G Hq. 

Proof. We use the properties of E and r in a IIi factor with finite index A: 
\\zp - pz\\l = 2T{pzpz- p^^p) = -2t{E{z^)p) = -2\t{E{z'^)) = -2Xt{z'^) = 2A||2||^ 
The identity now follows from the unitary invariance of the 2-norm. □ 
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In order to compute the linear connection induced by the trace metric, one needs compute 

first the orthogonal projection from the ambient space, i.e. Mi h = {x G Mi : x* = x} 
onto the tangent spaces of £'( p ). Recall from the properties of the basic construction, that 
Ml p = M p induces a map 

R:Mi^M, R{x) = m 

characterized as the unique clement m E M such that m p = xp . This map can be computed 
in terms of Ei: Ei{x p) = Ei{mp) = mX, i.e. 

R{x) = jEi{xp). 
Then we claim that the r-orthogonal projection 

Hp :Mift^(rO(p))p ={zp - pz:z€Mah} 

is given by 

^p{x) = \[R{x)-R{x)\ p], 

or equivalently 

np(a;) = — [£;i(a:p - px), p], (1) 

where [ , ] is the usual commutator of operators. First note that Hp projects onto (TO( p )) p . 
Apparently it takes values in this linear subspace. If zp — pz G (TC'( p))p [z G Ti), then 
{zp — pz)p = zp because p 2; p =0. Therefore R{z p — pz) = z and 



np(zp - pz) = -[z- z*,p]= zp - pz. 



Finally, note that it is symmetric. Indeed, if a;, y e Mi h, 

<Iip{x),y> = -^rilEiixp - px), p]y) 

= ^{"^(^1 (a; P ) P y) - r{Ei ( p a;) p y) + t{Ei {xp)yp)+ t{Ei {px)yp)} 

= ^{^(^1 {xp)Ei{py))- t{Ei ( p x)Ei ( p y)) 
+TiEi{x p )Ei (y p )) + t{Ei{p x)Ei {y p ))}, 

which is clearly a symmetric expression in x and y. In order to obtain the symmetric 
projections onto the other tangent spaces {TO{ p ))q, g € 0( p ) one translates Hp covariantly 
via the action of Um, namely if g = u pu* for u e Um 

Ug-.Mih^ {TO{p))g, Uq=Ad{u)onpoAd{u*), 

which does not depend on the choice of u by general reasons. Nevertheless note that 

ng(x) = -^u[Ei{u*xup - pu*xu), p]u* = -^[Ei{xq- qx),q]. 

Remark 3.4. Let X be a smooth vector field along a curve 7 C 0{p), then the covariant 
derivative induced by the trace inner product is given by 



DX 

IT 



= n^(x). 



We shall call this connection the Levi-Civita connection of 0( p ) for obvious reasons. 
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This derivative is compatible with the metric and has no torsion, these facts foUow from 
formal considerations (as in classical Riemannian geometry). 

This derivative was introduced in [8] as the "spatial derivative" of the orbit (in a more general 
context). There it was given the expression 

nx 1 

which coincides with our expression above after routine calculations. 

As already stated, 0{p) C 'P{Mi) is a C°° submanifold in the norm topology. In the strong 
topology (as metrized by || II2) neither of these spaces are manifolds. Nevertheless, with 
the trace Riemannian metric, V{Mi) is well behaved: it is a complete metric space with 
both the Riemannian and the || ||2-metric, which are equivalent, and any pair of projections 
can be joined by minimal geodesies 3I|. We do not know if the Riemannian metric and the 
II |j2-metric are equivalent in 0( p ). One has though the following inequality 

dM{pi,P2) > \\pi -P2II2, 

where pi,p2 S C'(p) and cIm denotes the Riemannian or geodesic distance. This can be 
proved regarding 0{p) as a subset on Mi, and noting that any curve in ©( p ), as a curve 
in Ml, is longer than the straight line segment. 

Using Proposition 12.51 one can prove the following: 

Theorem 3.5. 0{p) is a complete metric space with the Riemannian metric cLm- 

Proof. Let {pn\ be a Cauchy sequence in ©( p ) for the metric du, with p„ — UnP u* . Then, 
by the above inequality, it is a Cauchy sequence for the 2-norm, and therefore there exists a 
projection q such that ||p„ — g||2 0. Therefore, bv 12.51 q = upu* G 0{p). Conjugating 
with u, we may suppose without loss of generality that q = p . Note that \\pn — p II2 — > is 
equivalent to ||u„ — E{un)\\2 0, or T{E{un)* E{un)) 1. Indeed 

\\Pn - PII2 = II"" P - PMri||2 = t( P ) +T« pu„) - T(p-U* pu„) - T« pu„ p) 

= 2A - 2t( p < p u„ p ) = 2A - 2r(S«)S(u„) p ) - 2A(1 - t(^«)£;(u„))). 
Also note that, as in the proof of Proposition 12.41 

||u„ - E{un)\\l = 1 - T{E{unTE{u,,)). 

Let us apply now Lemma to the elements a„ = E{un) in the algebra iV, again, as in the 
proof of 12.41 Then there exist unitaries Vn in N such that \\E{un) — Wnlb ^ 0. It follows 
that ||u„ — w„||2 — > 0, or equivalently, 

||Mn< - III2 0. 

In Proposition 4.4 of Ij, it was shown that in the unitary group of a finite von Neumann 
algebra M with trace r, the 2-metric is equivalent to the geodesic distance induced by the 
2-metric. Also in that paper, the minimal geodesies were characterized, as the exponentials 
5{t) = e**^ for t € [0, 1], where x* = x and ||a;|| < tt. It follows that there exist a;„ S M with 
x* = Xn and ||a;„|| < tt which achieve the geodesic distance between 1 and Unf* = e"". And 
by the above facts, if 5n{t) = e'*^", t e [0, 1], then 

Consider the curve 

7„(t)-e'*^"pe-''*^" eO(p) 
which join p to p w„m* = u„ p u* . Then 

dniPn, p) < i2(7n) = ||a;„ p - px„||2 < 2||a;„||2 ^0. □ 
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Remark 3.6. The geodesies of this eonneetion that start at q can be computed; they are 
the curves of the form a{t) ~ e*^ge~'^, with z e Tiq. 

For any curve 7 G C(p) (not necessarily a geodesic) with 7(0) = q, there is an horizontal 
lifting T to the unitary group J7a/, which is characterized by the foUowing properties (see 

m) 

1. ^,(r) = 7. 

2. r(o) = 1. 

3. f eH^r. 

Moreover, T is also characterized as the unique solution of the linear differential equation 

r = K^(7)r 

r(o) = 1 ^'^^ 



The following is an easy consequence of Lemma 13.31 above. 

Proposition 3.7. Let j be a piecewise smooth curve in 0(p), and let T be its horizontal 
lifting. Then 

L2(7) = V2AL2(r). 

Proof. Since TqT* = 7, then 

^2(7)= / Wih dt= f \\tqT* + rqr*\\2dt= [ \\r{r*rq + qr*r)r*\\2dt. 

Jo Jo Jo 

Since F is a curve of unitaries, differentiating F*F = 1 one obtains that F*F — — F*F. Then 
the above integral equals 

/ \\r*tq-qT*t\\2dt= f \\Sg(r*r)\\2 dt = V2X f ||F*f||2 = \/2AL2(F). □ 
Jo Jo Jo 

This observation implies that one can compare the lengths of the horizontal liftings of the 
curves, instead of the curves themselves, and profit from the geodesic structure of the unitary 
group. This is the point of view adopted in this paper. 

Let us finish this section proving that the horizontal lifting is the shortest possible lifting for 
a curve in 0{ p ). 

Proposition 3.8. Let "f{t), t € [0,1] be a piecewise smooth curve in ©(p). Suppose that 
u{t) G Um is a piecewise smooth lifting of 7. Then the horizontal lifting T of ^ is shorter 
than u: 

L2{T) < L2{u). 
When using the usual operator norm, one has the estimate 

Loo(F) < 2L^{u). 

Proof. We may suppose without loss of generality that 7 starts at p . Note that 7 = F p F* = 
upu*. Then u*T G { p}' n Af = A^. Differentiating, 

?i*F + u*f G N. 

Note that u*t = (M*F)(F*r) e N ■ H C H. It follows that if P-h = I - E denotes the 
T-orthogonal projection onto 7i, one has 

Pu{u*T) = -u*t. 
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Therefore 

Ilr|l2 = II - ^.*f II2 = \\Pniu*T)h < \\u*n2 = \\u*\\2 = \\uh. 
Thus ^ 

i2(r) = / ||f||2 dt<\\uh dt = L2{u). 



For the assertion corresponding ioo, we use the estimate 

\\Ph{x)\\^\\x-E{x)\\<2\\x\\. □ 

Remark 3.9. Using the argument above, one can prove that if 7 is a smooth curve in 0( p ), 
and M is a smooth lifting of 7 such that L2{u) — L2(r), then there exists a unitary element 
uq commuting with 7(0) (for instance, if 7(0) — p , then uq G Un)^ such that 

u{t) ^T{t)vQ , <e [0,1]. 

That is, u is essentially the horizontal lifting. Indeed, in the proof above it is shown in fact 
that ||r(t)||2 < ||'ii(t)||2. If u is smooth, then ||u(t)||2 is continuous in the parameter t. Then 
the inequality above and the hypothesis that L2{u) = \\u{t)\\2dt — \\r{t)\\2dt — L2{T) 
imply the equality 

l|rWll2-ll^*Wll2, 

for all t. Therefore ?i*r = P'h{u*T) = —u*T, or equivalently 

= u*T + u*t = u*r, 
i.e. u*{t)T{t) = u*(0)r(0) = I'o for all t, with vq commuting with 7(0). 

We may also compare the length of the horizontal lifting with the lengths of liftings in Umi ■ 
We shall need Lemma [2^ from section 2. 



Proposition 3.10. Let uj{t) e Umi, t G [0,1], be a piecewise smooth lifting of 'f{t) G 0(p). 
Then 

L2{T) < -^L2iio)- 

Proof. By the lemma, there exists a piecewise smooth curve u{t) S Um such that u{t) p = 
uj{t) p . In particular m is a lifting (in Um) of 7, and therefore by the preceding proposition, 

i2(r) < L2iu). 

On the other hand, since for a G M we have ||a||2 — "^lla P II2, then 

^^^^^ ^ 'Tt^^^^'^^ ^ V^^^^^'^^ ~ '7^^^^^^' 
were the last assertion follows from the fact that ||a;y||2<||a;||2||y||. □ 



4 Convexity properties of the unitary group 

Our argument on the minimality of geodesies in Section 5 needs certain facts concerning the 
geometry of the unitary group Um, which were proved in 0]. First recall that curves of the 
form S{t) = we'*^ (with x* = x and ||a:|| < tt) have minimal length for the fc-norms, k > 2 
[3]. Based on this fact, in Theorem 2.1 of [3] it was shown that if F2 denotes the energy 
ftinctional ^ ^ 

^2(7)= / WiWldt^ f r{ri)dt, 
Jo Jo 
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for 7 a piecewise sraooth curve in Umi and 7s (i) is a smooth variation of 7, i.e. 

7s(i) e C/m,s e (-r,r) , t G [0, 1] , 70 = 7, 
then the first variation of the energy functional is 

lY/^{ls)\s=o = T{xoyo)\lzl- 1^ T{j^[xo]yo)dt, (3) 

where ^ ^ 

Xsit) = 7,.(t)*^7s(i) and 2/s(t) = 7s(0*^7sW- 

The main result in [3] states the following: 

Proposition 4.1. (Theorem 4-5 of J^) Let uq, ui, U2 € Um, such that \\ui — Uj\\ < 

V2-V2 = r. Let S{t) = uie*^ be the minimal geodesic joining ui and U2- Then f{s) = 
dk{uo, S{s))^ (dk = geodesic distance induced by the k-norm) is a convex function (s G [0, 1]^, 
for k an even integer. 

We shall use this result for the case k = 2. 

Take z ^ H; the curve a{t) = e*^ p e~*^ is a geodesic of the Levi-Civita connection of 0{ p ), 
joining p with q = e/- pe^^. We have a{t) — e*^ (2 p — pz) e^*^ hence 

\\a{t)\\2 = \\zp-pz\\2 = \\am2 

and ^ 

L2{a) = f \\a{t)\\2dt ^ V2X\\z\\2 



by Lemma [3731 above. The following estimates will prove useful. Recall that || || denotes the 
usual operator norm of the von Neumann algebra Mi : 

Lemma 4.2. For any z ^ H ^ kcr E n Mah, 

||<5p(z)|| =||zp - pz|| >\/A||z||. 

Proof. Since pzp =0, 

Ikp - pzp = |l(2:p - pz)'^\\ = \\zpz+ pz^pll = II -zpz- pz^pll 

Note that —zpz and — pz^ p are both positive operators, and for a, 6 > 0, ||a|| < \\a + b\\ 
hence 

llzp - pz|p> II pz^pll p£;(^2)|| ^11^(^2)11 >^||^||2 

by the definition of E and the index properties. □ 
Lemma 4.3. If z ^Ti, with \\z\\ < \/A, then 

We^pe-^- p||>||z||(x/A-||z||). 
Proof. Note that VA < tt. First, we rewrite the expression on the left: 

||e^pe'^-p|| = ||e^p~ pe^|| = ||5p(z) + (p/-l-z)p- p(e^-l-z)|| 

> ||,5p(z)||-||(e^-l-z)p - p(e^-l-z)|| 

> ||(5p(z)|| -2||e"- 1 -z||. 
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Now, since cr(e^ - 1 - z) C {e** -l-it:\t\< \\z\\}, 



\\e' -l-z\\ = p{e/-l-z)= sup V(cos(<) - 1)2 + (sin(t) - i)2 

|t|<ll^ll 

sup ^2 - 2 cos(t) - 2t sin(t) + 

|t|<l|2|| 

= v/2-2cos||z||-2||z||sin||z|| + ||zP. 

Using Taylor's series for the function under the square root, one can obtain the bound IH-^P; 
hence 

||e^pe-^-p||>||<5p(z)||-|lz||^ 
This bound together with the one in the previous lemma gives the desired inequality. □ 

Denote by Loo(7) the length of the curve 7, measured in the norm metric of 0{ p), namely 

ioo(7) - / wumdt. 

Jo 

Lemma 4.4. If j is a smooth curve in 0{ p), and T is the horizontal lift of"f, then 

||r(i)-i||<-^Lo,(7). 

Proof. First note that 

iir(i)-i|| = ii f'mdt\\< f'wmwdt^ f'\Km\dt< ['wn^wjiidt. 



Now ifgG 0{p), \\Kq\\ = ll^pll because the action of the unitary group is isometric. Since 
Hp — (5p ^, where Sp : H ^ TpO{p), by the bound in lemma we have ||Kp < --i=||t;||, 

namely \\Kq\\ < for any q E 0{p). Hence 



1 /■\, 1 



||r(i) - 111 < ^ Il7(t)l|d^ = ^L^h)- ° 

We say that a subset V C Um t^s geodesically convex if for any pair of elements uo,ui G V 
with II Mo — Mill < 2, the unique minimal geodesic of Um joining them lies in V. 

Theorem 4.5. There exists a positive constant R > with the following property. Suppose 
that qo,qi G 0{p) with qi = e^qoe~^ £ 0(p) for z £ Tiq^ with \\z\\ < R, and let a{t) = 
e*'^9oe~*^ be the geodesic joining qo and qi. If j is any other smooth curve joining qo and 
qi, then either 

or 

^2(7) > ^2(0)- 

Proof. Clearly all the norms involved are unitarily invariant, therefore we may suppose 
qo = p without loss of generality. Let F be the unitary lift of 7 in Um- If ^00(7) < Loo{ct) , 
by Lemma um above 

l|r(i)-i||<^||zp-pz||<A||^l|. 

Therefore we may adjust R in order that 1, and r(l) stand in the situation where Propo- 
sition [TT] applies, namely, that they lie closer than v2 — V2 in norm. Let d{s) = e^e*™ be 
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the unique minimizing geodesie joining (5(0) — and 6(1) = e^e^" = r(l) in Um (whieh is 
minimizing for all A;- norms, and therefore in particular for the functional L2 [3J). Then by 
Proposition 14. 11 the map 

f{s) = dl{l,5{s)), se[0,l] 

is convex. We claim that /'(O) — 0, so that / has an absolute minimum at s = 0. Indeed, 
note that 

||(5(s)-l|| = ||l-e^-||<||l-e»|| = ||l-r(l)||<2. 
Therefore the antihermitic logarithm 

log : {u G Um : \\u - 1|| < 2} ^ {x e Mah ■ M < tt} 

is well defined. Let 7s (0 = e*'""'^'^'^*-'^. Note that 7s (i) is a smooth variation of 70 = a. Also 
note that at each s it consists of minimizing geodesies, because ||^05((5(s))|| < tt. Then 

f{s) = L,{^.)' = \\log{S{ml 

Note also that /(s) ~ F2(7s)- Then /'(O) can be computed using the first variation formula 
([3]). In our case 

Xs = 7s*^7sW = log{S{s)) 

is independent of t, and therefore ^ reduces to 

/'(0) = 2r(zyo(l))-r(zyo(0)). 

Note that r(l) and lie in the fibre of qi (both 7 = F p F* and a have the same endpoints), 
which is of the form b^Un- Clearly this set is geodesically convex [3], implying that 6{s) lies 
in this fibre, and therefore (5(0) G e^Nah- At < = 0, 7s (0) = 1 for all s, therefore ys(0) = 0. 
At < = 1, 7s(l) = 5{s), so that 7s(l) = 6*{s)5{s). Then yo(l) = <5*(0)(5(0) = €"^(0) e Nah- 
Then t(2?/o(0)) = and 

r(zyo(l)) = T{E{zy,{l))) = T{E{z)yo{l)) - 

because E{z) — 0. 

Our claim proved, it implies that if we denote A{t) = e*^, and B{t) — e*'°s(r(i))^ i g [g, 1], 
then 

L2{A) < L2{B). 

On the other hand, by the fact on minimality of curves in [/jvf [S], one has that L2(i?) < L2{T). 
Therefore 

L2{A) < L2(r). 
Multiplying both members by \/2A one gets 

L2 (a) = V2XL2 (A) < V2XL2 (F) = L2 (7) . □ 

Remark 4.6. Note that there exists a constant i?i > such that ||(7i — goll < ^1 is equivalent 
to the existence of z G Hqg with e^qoe~^- = qi and ||z|| < R. Indeed, for the norm topology, 
due to the differential structure of 0( p ), the map 

expg^ : ->0{p), exp^Jz) = e'-qae'^ 

is a local diffeomorphism by the inverse function theorem. 

Therefore the result above can be rephrased replacing the requirement ||z|| < i? by 1 1(70—9111 < 
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The theorem above states that geodesies are short among curves which are a priori short in 
the norm Finsler metric. In the next section we show a more general minimaUty result, but 
let us state this sentence with more precision, for we shall need it later. 

Corollary 4.7. There exists a numhre R2 > such that ifj is a smooth curve with Lca{"f) < 
R2, then there exists a geodesic S joining the same endpoints as 7, with L2{S) < L2(7)- 

Proof. Choose R2 < i?i in order to assure the existence of S: if q, r are the endpoints of 7, 
then \\q — r\\ < Loo{j) < R2 < Ri and Remark 14.61 applies. Then the proof follows as in the 
theorem above, adjusting R2 additionally in order that 

||r(i) - 111 < 4t^oo(7) < ^ < \/2-V2. □ 



5 Geodesies as unique minimal curves 

A continuous curve a is a piecewise smooth geodesic if it consists of a finite collection {a^} 
of geodesic arcs glued together, or in other words, a polygonal path with geodesic edges. Let 
us start with a brief result: 

Proposition 5.1. Let 7 C 0(p) be any smooth curve joining q to r. Then there exists a 
continuous piecewise smooth geodesic a = Ua^ which joins q and r such that 

J2L2ia,) <L2h). 

Proof. Suppose 7 is parametrized in the interval [0, 1]. Then there exists a partition = 
to < ti <...< tn = I of [0,1] such that ||7(ii) — 7(ti_i)|| < i?i for i = 1 . . . n with i?i as in 
Remark 14.61 Then there exist geodesies a^, minimizing for the functional length L2, which 
join 7(ii-i) with "f{ti). Then clearly a — Ua^ is shorter for the 2-metric than 7. □ 

Our main result on uniqueness of geodesies as minimal curves follows. 

Theorem 5.2. Let 7 C ©(p) &e a piecewise smooth curve which is short (i.e minimizing) 
for the 2-metric. Then ^ is a geodesic of the Riemannian connection ofO{p). 

Proof. By the previous lemma, there exists a piecewise smooth geodesic a = Uai which is 
shorter than 7. Then a is also minimizing (in fact, ^2(7) = X) -^2(0^2) = L2{a)). Moreover, 
the elements ti-, ■■■,tn of the partition provide points 7(ti) which lie both in 7 and a. We 
claim that a is smooth, i.e. a geodesic. This proves our result, since the partition can be 
arbitrarily refined to contain as many (finite) points in common between 7 and a, and the 
smoothness of a proves that all these polygonals are in fact the same geodesic. 
Asumme that a is not smooth to arrive to a contradiction. Namely assume there is at least 
one point qi where di(l^) 7^ ai+i(0+). Since ai{t) = e*^ qiC"^^ and ai+i{t) = e*^ qiC'*^^ , 
then 

Adj = q;j+i(0+) - dj(l") = [z+ - z^,qi] 

is a nonzero vector in Ti.q. We may choose a variation 7^ of a = 70 which is constantly 
identical to a except in a neighbourhood of g^, and such that the variation field V{t) = 
^ |s=o 7s equals this vector in t = 1, namely V^(l) = Ad^. 

According to the classic first variation formula in a Riemannian manifold (cf. [llj for exam- 
ple), 

d 

j-^\s=oL2{ls)^- {V,Da)dt-Y,{V{t,),/^,^). 
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Since a consists of piecewise geodesies and a is also a critical point of the length distance (it 
is minimizing for the 2-metric) we obtain 

= -^|,=0 L2{ls)^\\[z+ ~z-,q,]h 
as 

which is absurd. □ 
Our main result concerning existence of minimal geodesies follows. 

Theorem 5.3. Let 7 foe a smooth curve starting at p that stays in a neighbourhood of 
p of radius i?2/2. Then 7 is longer than the geodesic S that joins its endpoints, namely 
L2[l)>L2{5). 

Proof. We partition 7 in the same fashion as before, making sure that each piece is shorter 
than i?2 in the cx3-metric. Now we replace each piece of 7 with a minimizing geodesic; let 
us call the breaking points g^, where 50 = p and qn is the endpoint of 7. Clearly the first 
geodesic is shorter than the first piece of 7; note that by the triangle inequality, distance 
between q2 and q^ — is shorter than i?2, hence we may replace the segments go^ij 91 92 
with a shorter geodesic Sn. This geodesic is shorter than the segment of 7 which joins go to 
52, and if we proceed inductively, we end up with a smooth geodesic 5 which joins go = P 
to g„, and this geodesic 5 is clearly shorter than 7. □ 

6 The tangent and normal bundles 

Let us finish this paper characterizing the tangent spaces of ©( p ) as subspaces of the tangent 
bundle of 7^ (Ml), and thereon give a characterization of the tangent bundle of 7^ (Mi) and 
the normal space of 0(p) at p, using only elements in the algebra M. We show in this 
description that curvature of ©(p) in V{Mi) is related to the set {x* = —x E kcr E : x^ g 
N} C M. 

Proposition 6.1. Let q £ 0{p), then 

{TO{p)), = {ye {TV{M,)U ■■ E,{y) = 0}. 

Proof. Note that 0{p) consists of projections g in Mi such that £'i(g) = A (see |14)). 
Therefore, if q{t) is a curve in 0{ p ), then Ei{q{t)) = 0. In ohter words, {TO{ p ))q C {y G 
{TV{Mi))q : Eiiy) = 0}. Conversely, suppose that y e {TV{Mi))q and Ei{y) = 0. If g = 
u pu*, by conjugating with u* one may suppose g = p . Then there exists x G Mi, x* = —x 
such that y = xp — px. By the properties of the basic construction, there exists m M 
(a priori not necessarily anti-hermitics) such that xp = mp . Then — px = (pa;)* = pm* . 
Then 

^ El (y) ~ Ei{mp + pm*) = \m + Am* , 
i.e. TO £ Mah, and y = mp — ptoG {T0{ p )) p . □ 

Now recah that {TO{ p )) p ={zp - p z : z* = -z, z e kei E}, where ker E = N-^ d M. 
Proposition 6.2. We have 

{TV{Mi))p ^{xp + px* -.xe N^} and {TO{p))^ = {x p + p x : x* ^ x, x e N^}. 

In particular {TV{Mi)) p ~ iV-^ ~ iV^^^, TV^ ~ (rO( p )) p © {TO{ p ))^ . 
The Riemannian exponential map ofV{Mi) is given by 

exp^(^^i)(a;p + px*) = c^^p-p^'^ pe-^^P-P^''). 
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^{xp-px') p ^-{xp- px') 



In the decomposition relative to Jones ' projection p we have 

I cos {sjE{\ X |2)) p -sine [^JE{\ x P)) pa;* ^ 

y X psinc {^^J E{\ x p)^ cos(-yx' px*) j 

where sinc(2;) = sin(2;)2;~^. Moreover, 

( cos^^VW^)) P sine (2/E(|T|2)) px* \ 

y X psine {2\jE{\ x P)^ sin^(-v/x px*) ^ 

The action p i-> e(^P~P^*' ^^-{.xp-px*) effective i/ ||x|| < tt. 

Proof. Let t; € (TP(Mi))p ={w;p — pw;:wG Mi,w; is p — eodiagonal}. Then we have 
V = wp — pw = R{w) p + pR{w)* with R{w) € M. Now E{R{w)) p = pR{w) p = p (i' p = 
0, hence i?(ui) S keriS = TV-'-. On the other hand, for given xp + px* with x G keri?, let 
m; = X p — p X* . Then w = wp + pw(u'isp -eodiagonal) and wp — pw = xp + px*. The 
isomorphism and the formula for the Riemannian exponential are now clear from the results 
on the previous sections. 

The formula for the exponential p ~ p ^ can be deduced from the elementary formula 

_Y* 



putting F = X p and recalling that px p = E{x) p = pE{x). 

Note that, if e^P~P^* commutes with p, then cos^ (^-^/EQ x P)^ p = p (equivalently 
cos^ (^^/E{\ X P)) = 1, since E{\ x p) e N). This equation proves that (j{-^E{\ x P)) C 

{fc7r}feez. Since \\E{\ x p)|| < |lx|p < tt^, we obtain (j{^E{\ x P)) = {0}. Since E{\ x P) 
is a positive operator, it must be zero. Equivalently, since E{\ x p) > A | x p, we obtain 
X = 0. □ 

Theorem 6.3. The geodesic of V{Mi) given by -f^{t) = et(^ p- p^*) p e-*(^P- p^*) is a 
geodesic ofO{p) iff x* — —x and x^ € N, and in this case we have 

7^(f) = e*^pe~*^ = p cos^(t | x |) + u pu* sin^(i | x |) + ^[u, p]sin(2f | x |). 

where x = u | x |, with u* = —u G N-^ a partial isometry such that u*u = uu* = —u^ G A^, 
and I X 1= \/— x^ e A''. 

Proof. Assume first that x* = — x and x^ e N. Let x = u | x | be the polar decomposition 
of X, note that u* = —u commutes with x. Then e*^ p — e"*^*^^ p = cos(ix) — i sin(ix) = 
cos(| X I) +usin(| X |), because {ixY'^ = i^'^x^'' = (-l)''^^'' | x p'==| x p''. Likewise, 
(ix)^*^"'"^ = ui\x p'^^^. On the other hand, from the previous proposition we obtain 

^xp-px* p ^ ^xp + px ^ ^ j-j,Qg I ^ I _|_a,gin(. I 2; I) p ^ (cos I X I -l-usin I X I) p, 
because \/E{\ x P) =| x | since | x pe A'". Hence e*(^P~P^ ) p = e*^ p in this case. 
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Assume now that -/^{t) = ^tixp-px') ^^-tixp-px') p ^ e^pe"*^ e 0(p) with x G N-^. 
Computing the first derivative at t = and multiplying by p on the right we obtain x ~ z. 
Computing the second derivative at t = we obtain E{x'^) — x^ = 0, hence x'^ € N. 
If a; = M I cc I, we have u*x = u*u | a; | = | a; |. Note that x"^ ^ N \S. \ x \^ N . We can 
write u = xh{\ x |) with h a Borel function ([T7] ex. IV. 3). This shows that u e . Since 
x* = —X, we have u* = —u, and u*u = u*xh{\ a; |) =| a; | h{\ x \) € N. The formula for the 
geodesic now follows from the proposition above. □ 

Corollary 6.4. If \ = ^ (i.e. [N : AI] —2), then 0{p) is a totally geodesic suhmanifold of 
V{Mi). 

Proof. If A = ^, the extension [N : M] can be represented with 2x2 matrices with entries 
in N , namely 

,^ f n 0(n') \ , f n 

M = { , ^ ' ] and = ( ^ ^ 

where 9 is an isomor phism of N of order 2. Then N-^ = [ ^, ^^^'^ ^ , hence {N-^)^ C N. 

□ 
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